Abstract. Let K be a compact, metrizable space. Let X be a closed, linear subspace of C(K) spanned by a normalized weakly null sequence (f n ) such that (|f n |) satisfies a lower q estimate on disjoint blocks with positive coefficients for some 1 < q < ∞. It is proved that every w * -compact subset of B C(K) * which norms X is non-separable in norm. This provides an alternative proof of Bourgain's result that every w * -compact subset of B C(K) * which norms a subspace with non-trivial cotype is non-separable in norm.
Introduction
The study of fixing properties of operators on C(K) spaces, with K being compact and metrizable, is important to the isomorphic classification of the complemented subspaces of C(K). Rosenthal [12] proved that every operator T : C(K) → C(K) whose dual has non-separable range fixes a copy of C(K). The latter means that T becomes an into isomorphism when restricted to a suitable subspace isomorphic to C(K). Rosenthal derived his result by etablishing that for every w * -compact subset M of B C(K) * which is non-separable in norm, there exists a subspace X of C(K) isomorphic to C(K) which is normed by M. That is, there is some ρ > 0 so that sup μ∈M | K f dμ| ≥ ρ f for all f ∈ X.
Rosenthal posed the following problems (see e.g. [13] ).
Problem 1. Let T : C(K) → C(K) fix a copy of a subspace not containing any isomorph of c 0 . Does T fix a copy of C(K)?
Problem 2. Let M ⊂ B C(K) * be w * -compact and norming a subspace not containing any isomorph of c 0 . Is M non-separable in norm?
It is clear that an affirmative answer to the second problem yields an affirmative answer to the first one which, in turn, would imply that a complemented subspace of C(K) with separable dual is c 0 -saturated. Bourgain [4] solved Problem 2 in the affirmative when M norms a cotype subspace of C(K). The purpose of this article is to provide an alternative proof of Bourgain's result by showing Theorem 1.1. Let K be a compact, metrizable space. Let X be a closed, linear subspace of C(K) spanned by a normalized weakly null sequence (f n ) such that (|f n |) satisfies a lower q estimate on disjoint blocks with positive coefficients for
If (f n ) is a normalized weakly null sequence in a C(K) space, then (|f n |) is said to satisfy a C-lower q estimate on disjoint blocks with positive coefficients provided that there exist q ∈ (1, ∞) and C > 0 so that
for every n ∈ N and every sequence (x i ) n i=1 of finitely and disjointly supported blocks of (|f i |) having positive coefficients. That is, for all i ≤ n, x i = j∈F i a j |f j |, where a j > 0 for all j ∈ F i , and the F i 's are pairwise disjoint, finite subsets of N. Theorem 1.1 implies Bourgain's result. Indeed, assume X is a subspace of C(K) with non-trivial cotype q which is normed by a w
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* is non-separable, then M must be non-separable in norm [9] . If X * is separable, then X contains a normalized weakly null sequence (f n ). It is not hard to see then (see Lemma 5 in [4] ) that every sequence of blocks of (|f n |) with positive coefficients (not necessarily disjointly supported) satisfies a lower q estimate. We can thus apply Theorem 1.1 and conclude that M is non-separable in norm. So formally, when X * is separable, the assumption that X is spanned by a normalized weakly null sequence (f n ) for which (|f n |) satisfies a non-trivial lower q estimate on disjoint blocks with positive coefficients is weaker than assuming that X has non-trivial cotype. We do not know, however, of an example which separates these concepts. In fact, we do not even know if c 0 embeds in X under the assumptions of Theorem 1.1.
A thorough examination of the proof of Lemma 6 in [4] shows that the arguments of [4] actually work under the assumptions of Theorem 1.1. On the other hand we believe that our arguments yield a simpler proof of Bourgain's result. We shall next give three reasons justifying our belief. The first one is that we do not need to make any reduction to the case of norming sets of positive measures. This is a non-trivial step in the proof given in [4] . The second reason involves estimates of the form
where the a i 's are non-negative scalars, the F i 's are closed subsets of K, μ ∈ M and |μ|(F i ) ≤ δ for all i ≤ n. Such estimates are crucial for establishing the non-separability of M. Lemma 6 in [4] proves this inequality through an intricate argument. In the present proof, in order to prove a similar inequality, we only need an elementary observation, Lemma 2.1, which states that there is some C > 0 such that if u is a normalized block of (|f n |) with positive coefficients, then there exist a finite set I ⊂ N and t 0 ∈ K so that u|I ≥ 1/2 and (u|J)(t 0 ) ≥ C u|J q for all J ⊂ I.
Finally, in the hard part of the proof given in [4] , it is shown that the Szlenk index of M is uncountable in order to deduce non-separability. In our case we use the Schreier families (S α ) α<ω 1 [3] to show that if ( n ) is a null sequence of positive scalars, then there exists λ > 0 so that every infinite subset
It then follows by Lemma 3.1 of [7] that M is non-separable in norm. Let us recall here the statement of the aforementioned lemma: If N is a norm-separable subset of C(K) * , (f n ) is a weakly null sequence in C(K) and ( n ) is a sequence of positive scalars, then given
from which the assertion of the lemma clearly follows.
We use standard Banach space facts and terminology as may be found in [10] . A useful source of information on C(K) spaces is [13] . Papers [1] and [2] include results on fixing properties of operators on C(K) spaces. The recent paper [5] contains necessary and sufficient conditions on a general operator T in order for T * to have non-separable range.
2. Proof of Theorem 1.1 Theorem 1.1 is a consequence of Corollary 2.5 proved at the end of this section. To simplify our arguments we shall assume that K is totally disconnected. The proof of the general case is similar, using partitions of unity. Moreover, when applying Theorem 1.1 to the case of a cotype subspace X, K must be uncountable, and so, in view of Miljutin's theorem [11] , there is no loss of generality in assuming that K is a totally disconnected, uncountable compact metric space.
Assume that X ⊂ C(K) has a normalized weakly null basis (f n ) such that (|f n |) satisfies a C-lower q estimate on disjoint blocks with positive coefficients. Let M ⊂ B C(K) * be w * -compact and norming for X. By using a standard perturbation argument based on the uniform continuity of the f n 's and the total disconnectivity of K, we may assume, without loss of generality, that each f n is a simply continuous function on K. That is, there exist finite collections of scalars (b n,i )
in [−1, 1] and pairwise disjoint, non-empty clopen subsets (W n,i )
It is easy to see that if 0 < < δ, then (2.1)
Lemma 2.1. Let u = i∈F a i |f i |, where F is a finite subset of N and (a i ) i∈F are positive scalars. Suppose that u = 1. Then there exist t 0 ∈ K and I ⊂ F so that:
Proof. Choose t 0 ∈ K so that u(t 0 ) = 1. Let {F 1 , . . . , F l } be a maximal family of pairwise disjoint subsets of F so that
Therefore, (u|I)(t 0 ) ≥ 1/2, and so by maximality I is as desired. 
The proof of this lemma is easily done by transfinite induction using the following consequence of the lower q estimate on disjoint blocks of (|f n |) with positive coefficients: sup n n i=1 u i = ∞ for every normalized block basis (u n ) of (|f n |) with positive coefficients. We refer to [8] for details.
In our next proposition we use an idea from [4] , namely, to find an upper estimate 
Proof. We may clearly assume that n∈N n < ρ/4. Let > 0 be small enough to be determined later. Lemma 2.2 yields a finite set I 1 ⊂ N and positive scalars (a i ) i∈I 1 so that
Apply Lemma 2.1 to obtain I 2 ⊂ I 1 and t 0 ∈ K so that i∈I 2 a i |f n 2i | ≥ 1/2 and
We next choose signs (σ i ) i∈I 2 so that
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and set I 0 = {i ∈ I 2 : δ i > 0}. Let D > 0 to be determined later, and define
Of course, φ i is upper semicontinuous for all i ∈ I 0 . It is clear that
We next estimate
Chebyshev's inequality. By taking into account estimates (2.5) and (2.6), (2.4) leads us to
We conclude that if (1/C)(2/D) 1/q < ρ/4, then there exists λ > 0 depending only on ρ, C and q so that i∈I 0
which yields a contradiction when 0 < < λ. 
is not compact in the topology of pointwise convergence.
Proof. It follows directly from Proposition 2. In particular, M is non-separable in norm.
Proof. F N is not pointwise compact thanks to Corollary 2.4. We may thus find J ∈ [N], J = (j i ), so that for every k ∈ N there exists μ k ∈ M such that
Define l 2i = n 2j i and l 2i−1 = n 2j i −1 for all i ∈ N and set L = (l i ). If μ ∈ M is a w * -cluster point of (μ k ) then clearly, μ(f l 2i , l 2i−1 ) ≥ λ for all i ∈ N. It follows now that
and therefore |μ|(lim sup i [|f l 2i | ≥ l 2i−1 ]) ≥ λ. Applying Lemma 3.1 of [7] we conclude that M is non-separable in norm.
